CHAPTER 23 Gauss’ Law

Answers to Understanding the Concepts Questions

1. The value of temperature at each point forms a scalar field. Since there is no directionality associated
with temperature, flux, which measures an abstract sort of flow across a surface, cannot be associated
with a temperature field. However, given a temperature field, one can calculate at each point a vector,
termed the temperature gradient, representing the change in temperature. This vector field has the
components (0T/0x, 0T/dy, 0T/0z), where you will recall that the symbol 0 refers to partial
differentiation. Because this field has directionality, it is possible to define a flux for it.

2. The opening is presumably very small in comparison with the size of the sphere. So the “open” sphere
can be thought of as a closed one, only with a small patch removed.

3. According to Gauss’ law, the net charge enclosed by the surface is zero. This does not, however, mean
that the electric field over the surface is always zero. The simplest counter example would be a uniform
field produced by some charge distribution outside the surface. The flux of a uniform field over any
enclosed surface is always zero, yet the field itself is not. Also, the surface can enclose an equal amount
of positive and negative charges, producing a non-zero field but a zero net flux over the surface.

4. Suppose we consider a charge-free region, and there is a break (discontinuity) in a field line. It is then
possible to construct a Gaussian surface that envelops the tip of the break in the field line. There will
be a net flux across that surface, but on the other hand, there is no charge in the region. Thus a break in
an electric field line in a charge-free region violates Gauss' law. The only way to satisfy Gauss' law is
to insist that when a field line ends, it ends on a charge.

5. Consider, for example, a spherical Gaussian surface of radius r centered at the location of a point charge
g. The electric flux through this surface is ® = EA = E(4nr?). If E = ¢/ then @ = (¢/r)(4mr?) = 4mer, which
depends on the radius r of the Gaussian surface, rather than just the charge g enclosed — this is
contradictory to Gauss’ law.

6. If the point charge is located at the center of a certain face (face A) of the cube, then by symmetry the
electric flux through each of the four faces that are perpendicular to face A is identical. However, the
flux through the remaining face that is directly opposite to face A is different. Therefore, in this case
symmetry alone does not provide a simple answer to the flux through each face.

7. The reconciliation follows by considering a pill-box Gaussian surface on the first plate, with its flat
ends, of area A, extending just outside of the plate itself. The charge density is not changed, so that the
Q/ ¢, part of Gauss' law is unchanged. The flux through the end surfaces, however, is changed. On the
side of the plate away from the second, negatively charged, plate, the flux through the end of the pill-
box is (0/2¢,)A from the positive plate, and — (0/2¢,)A from the negative plate. These cancel. The flux
through the end surface of the pill-box between the plates is (0/2¢,)A from the positive plate and a
like amount from the negative plate. These add to a total of (o/ ¢,)A. There is no conflict.
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Chapter 23: Gauss’Law

No. It only means that the net charge enclosed by the surface is zero, since the flux is proportional to
the net charge enclosed. As an example, consider a spherical shell of radius r that is uniformly charged
to a total charge gq. At the center of the sphere is a point charge — ¢. If we draw a spherical Gaussian
surface of radius R >r, concentric with the charged shell, then E = 0 everywhere on the gaussian surface
— and yet there are charged enclosed by it (although no net charge).

The electric field produced by a uniformly charged spherical shell is zero anywhere inside the shell.
The force it exerts on a charge there is therefore zero.

Gauss' law for fluid flow involves the fluid flux, given by ® = & - dA. This flux describes the rate at
which the fluid crosses the surface. For a closed surface there will be a net outflow of fluid only if there
is a source of fluid somewhere within the enclosed volume. Thus Gauss' law will read ® = S, where S is
the rate at which fluid is “created” inside the surface by a source, in m*/s. If there are sources (faucets)
in the region, then S is positive; if there are sinks (drains) in the region, then S is negative.
Evaporation acts as a sink; that is, a negative contribution to the flux. Looking at the net flux, it is
impossible to separate evaporation from any other type of sink. In the case of electricity, the analog of
evaporation would be the disappearance of electric charge. There are deep principles that argue
against that, and therefore one would not expect S to change with time unless charges actually cross the
boundary of the enclosed surface.

Yes. The charges would be deposited over the exterior surface of the aluminum shell, in such a way that
the electric field inside the shell remains zero.

Like the Coulomb force, the gravitational force is also a central force with inverse-square dependency
on distance, so Gauss’ law applies to it as well. If we compare the Coulomb force, F; = (1/4ng)) 4,9,/7,
with the gravitational force, F,= G mm,/r*, we find that in writing down Gauss’ law for gravitational
field we need to make the following substitution: g tom, E (=F; /q)to ¢ (=F, /m), and 1/4me, to G (or
1/¢, to 4nG). Also, the gravitational flux is negative due to the attractive nature of the force. Thus

o, = E-dA =g/ ¢, becomes &, =} ¢ - dA =—4nGm.

Symmetry does allow us to state that the electric field is parallel to the vector normal to the surface of
the torus. Thus Gauss' law gives us a value for the integral [E dA. Because of the curvature of the
surface, E is not the same on the inner part of the torus as on the outer part, and therefore the integral
cannot be converted to the form EfdA =EA.

Assuming that the two point charges are fixed so that they cannot annihilate each other, the resulting
electric field is zero inside the conductor . Outside the conductor, the field lines extend from the
charges, and always intersect the surface of the conductor perpendicularly.

With Gauss' law we can show that there is no charge in the region of uniform electric field. Take a
Gaussian surface in the shape of a can with the two ends perpendicular to the constant field direction.
The net flux through the surface is zero, and so the net charge inside the region is zero. The surface can
be anywhere within the large region, so that there is no net charge anywhere. If you are worried that
this does not rule out equal positive and negative charges inside the region, just make the can smaller.
No matter how small the can’s volume, there is no net charge.

The flux also triples. This is because E isnow 3E (as it is proportional to the charge that produces it).

For a charged line of finite length, the electric field is not uniform over the Gaussian cylinder in
question. For example, the value of the E-field close to one end of the line is not quite the same as that

near the center of the line. Therefore we can no longer evaluate the electric flux as §$ E-dA =EA.
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The flux is proportional to the charge enclosed, so as g doubles the flux also doubles, to 8.0 x 10° N -
m? /C. Doubling the side length of the cube is irrelevant to the answer, since the flux depends only on
the charge enclosed, not on the size and shape of the Gaussian surface.

Let's use Gauss' law together with a Gaussian surface in the form of a tiny pill-box whose flat ends are
perpendicular to the z-axis. Since the z-component of E vanishes and the other components are
independent of z, the net flux through this Gaussian surface is independent of z, and the net charge can
only depend on x and y. Thus the charge density must also be independent of z.

Imagine a Gaussian surface that enclosed a certain volume V of the region. The charge enclosed by the
surface is g = pV. By measuring the electric field on the surface we can find the flux ® through the
surface. But according to Gauss’ law ® = gq/¢&,=pV/¢,, so p=¢, ®/ V.

No. If the charge distribution is not uniform then the E-field would not exhibit the symmetry that
allowed us to write ¢ E -dA = EA. The resulting E-field is not the same. Consider, for example, a
highly asymmetrical case where all the charges on the shell is concentrated at one point on the shell.
The resulting electric field is that of a point charge located on the shell, and that is certainly very
different from the result of a uniformly charged shell.
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Chapter 23: Gauss’Law

Solutions to Problems

1. The electric field of the plate is perpendicular to the plate with magnitude E = 0/2¢,.

(a) Because the circle is parallel to the plate, the area vector is perpendicular to the plate. The flux
through the circle is

®=[[ E-dA=E-A= ExR? =[mR%/2¢]

(b) The angle between the field vector and the area vector is 30°. The flux through the circle is
®=[ E-dA=E-A= (omR?/2¢,) cos 30° =|0.866 onR? /2¢,|.

2. The angle between the field vector and the area vector is 48°. The flux through the square is

®=[[ E-dA=E-A=EA cos 48° = (1325 N/ C)(0.27 m)? cos 48° =[5 N-m?/d]

B. On the ends of the cylinder the electric field is not constant, but it is always perpendicular to the area
vector of the surface. On the sides of the cylinder the electric field is constant and parallel to the area
vector. The flux through the cylinder is

L e e

—0+0+EA =520 TreR(2Rh) =

We see that the result is mdependent of R, so we get the same flux through a cylinder of radius 2R.

4. The electric field and the area vector are parallel. Because the electric field varies over the surface,
we find the flux by integrating:

N o o R 2 2
cp:Usqu-dA=”md(5xzk).(dxdyk)=5zf_ldy/_1xdx

=5Z(y)‘j (%2)\2 =5@3)[2- (- 1)][(2) ('21)2}

=68 N-m?/C.

5. Because each side of the cube has an area vector parallel to one of the coordinate axes, the scalar
product for the side involves only one component of the electric field. The total flux through the cube is

@:)é}(ﬁdzf ” EdA'+U Edm// EdA'+// EdA+U E-dA'+// E.d
z=0 z=1
:// (5x) dydz+// (5x) dydz+// (-3y) dxdz+// (-3y)dx dz +
// (4z) dxdy+// (4z) dx dy
z=0 =

=0+ G)DMM)+0+(=-3)M(M)A)+0+ @)(1)(A)1) = +6N-m?/C.

]

6. (a) The area vector is perpendicular to the plate and thus parallel to the elecric field. The flux
through the loop is
®=[[ E-dA=E-A=EA = (150 N/CO)(4 x 10-4m2) <6 x 10-2N - m?/d
(b) The angle between the field vector and the area vector is 30°. The flux through the circle is
®=[ E-dA = E- A= EA cos 25° = (150N / C)(4x 10-*m2) cos 25° = [5.4 x 10-2N-m?/C]
(c) The angle between the field vector and the area vector is 330°. The flux through the circle is
®=[[ E-dA = E- A= EA cos 335° = (150 N/C)(4 x 10-4m?) cos 335° = [5.4 x 10-2 N -m?/d]
There is no change.
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7. The electric field and the area vector are parallel. Because the electric field varies over the surface,
we find the flux by integrating. We choose a circular ring of radius r and thickness dr as the
differential element:

R
- E.dA = _r
CD_//E dA_/O Eo(1 - &) (2r dr)
R 2 2 3y |R nE,R?
_ ) dr= r_r 0
—ZJ'CE[]/O (r R)dr 2nE0(2 3R)o 3

8. Because the angle between the electric field and the area varies
over the surface of the hemisphere, we find the flux by integration.
We choose a strip at an angle 6 with a thickness R d6, as shown in
the diagram. The area of this strip is

= (2nR sin O)R d6 = 2nR? sin O d6.
From the diagram, we see that 0 is the angle between E and dA,
so we have

. R n/2
q)z//E-dA:/ E (cos 0)2rR? sin 6 d6
0

.2 n/2
=E2nR2(¥) — EnRZ

0

This is the flux of a constant field through the area of a circle of radius R.

9. Because the angle between the electric field and the area varies
over the surface of the hemisphere, we find the flux by integration.
We choose a band at an elevation z, which corresponds to an angle 6
such that z = R tan 6. The band has thickness dz = R sec? 6 d6#so the
area of this band is

dA =2nR dz = 2nR? sec? 6 d6.

From the symmetry we see that the flux will be the same for the upper
and lower halves of the surface, so we double the result of the
integration over the top half. The angle 6 ranges from 0 to 6, , with
sin 6y = h/R. From the diagram, we see that 6 is the angle between

E and dA for all elements of the band, so we have

6o
D= E-dA=2 1 9 oyR%sec?6 (cos 6) dO
[[ L e, (R/cos 9)2

% q 1
0 €o y 1+(R2/h2)”

10. If the charge is placed a very small distance above the center, the radial electric field through the

hemisphere is constant in magnitude and always perpendicular to the surface (E and dA parallel).
The flux through the hemisphere is

D emisphere = JJ E*dA=EA = (q/4me)R?)(} 4nR?) = q/2¢,.
The direct calculation of the flux through the planar circle is more difficult; however we can use the
symmetry of the electric field of the point charge. The flux above the horizontal plane must be equal to
the flux below the horizontal plane:

(I)circle = q)hemisphere‘
Thus, the total flux is

o= q)hemisphere + cI)circle = (q/ZEO) + (q/ZEO) = ‘

© 2005 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently
exist. No portion of this material may be reproduced, in any form or by any means, without permission in writing from the publisher.

Page 23-5



Chapter 23: Gauss’Law

11. Because each side of the parallelepiped has an area vector
parallel to one of the coordinate axes, the scalar product for
each side involves only the component of the electric field in
the direction of the axis. Because the electric field is a function dz
of x, y, and z, the magnitude of its components will be different
on opposite sides of the parallelepiped.
For example, along the x-axis, we have @y, 2)
E(x+dx,y,z)=E(x,y,z)+[0E(x, y,z)/dx] dx,
or the equivalent three component equations.
The area vector always points out of the surface. We find the
differential flux through the two sides perpendicular to the
x-axis, with area dy dz, from
O, =E-dA
= (E,i +Ey] +Ezlf)-dydz (—1A) + {(E, i +EAy] +Ezk)JAr
[(0E,/ox)i + (aEy/ax) j +(E,/ox)k ]} -dydz i
=-E dydz+E_ dydz+ (3E,/dx) dx dy dz = (0E,/ ox) dx dy dz.
If we apply a similar analysis to the other pairs of sides, we have
D, = (aEy/ay) dydxdz and @, =(dE,/dz) dz dx dy.
The total flux through the surface is
P =D, +D, + D,
=(9E,/9x) dx dy dz + (aEy/ay) dy dx dz + (9E,/ 9z) dz dx dy
=[(dE,/ox) + (aEy/ay) +(0E,/ 9z)] dx dy dz.

dx

dy

12. The flux is directly dependent on the enclosed charge:

®=Q/e,, or Q=g,® =(8.85x10-12C2/N-m?)(- 5.7 x 105 N-m2/C) =[-5.0 x 10-16 ],

13. (a) We use the spherical surface within the charged surface as a Gaussian surface.
Because there is no enclosed charge the total electric flux through the surface is .
(b) We use the spherical surface outside the charged surface as a Gaussian surface.
Because all of the charge is enclosed, the total electric flux through the surface is

o =§ E-dA =Ql/¢,
= (103 C)/(8.85x 10-12C2/N-m?) = [1.13 x 108 N-m?2 /(]

14. Because all of the charge is enclosed, the total electric flux through the surface is
o=§f £-dA=Q/¢,
= (120 x10-° C)/(8.85 x 10-12C2/N-m?) = [1.36 x 10* N-m?/C].

15. (a) For the Gaussian sphere we have

(D:ﬁ E-dA = Qendosed/go = (_q +2q_q)/‘€0 =0.

The net electric flux through the surface is .
(b) Some electric field lines from the positive charge

to the negative charges will pierce the sphere;
however, every line that comes out through the
sphere at some point will enter the sphere at some
other point.

6
z (cm) ——
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Because the charge is placed at the midpoint, we know from symmetry that the flux is the same
through the two ends. From Gauss' law, we have
D= Q/ & = q)ends + q)curved ;

(12x104C)/ gy = 2(4.5 x 106 N-m2/C) + Deyryeq , Which gives ®ypyeq = 16 x 106 N-m? /.

(a) The total electric flux through the surface depends only on the enclosed charge:
o =§ E-d;le/sO;
~4x102N-m? = Q/(8.85x 10-12C2/N - m2), which gives Q =[-3.54 x 102
(b) The total electric flux through the closed surface does not depend on the shape of the surface.
The enclosed charge is Q = E3.54 x 109 Cl.

(c) Similar to (b), the enclosed charge is Q = |:3.54 x 1079 CI.

The total electric flux through the surface depends only on the enclosed charge:

® =§F E-dA =Q/ g, = (420 x 10-6 C)/ (8.85 x 10-12C2 /N -m2) = 4.7 x 107 N-m?/C.
Because the charge is at the center of the cube, we know from symmetry that each of the six sides has
the same flux through it:

Dy = (1/6)Dy, = (1/6)(4.7 x 107 N-m2/C) =[7.9 x 10° N-m2/C].

side total

Because the charge at the origin is at the center of the cube, we know from symmetry that it will
produce a flux out of each side that is 1/6 of the total flux it produces:

D, = (1/6)D e = (1/6)(Q/ 2)

=(1/6)(5x108C)/(8.85x10°12C2/N-m?) = 9.4 x 10> N-m?/C.

Because the uniform field is parallel to the x-axis, it produces no flux through the sides parallel to the
x-axis. Through the sides parallel to the yz-plane, the uniform field produces a flux

®, =EA=(3000 N/C)(0.20 m)? = 1.2 x 10> N-m?/C.
Because this flux enters the cube from the + x-axis and leaves the cube toward the — x-axis, we have

9.4 x 10> N-m?/C out of the sides parallel to the xy- or yz-planes,
10.6 x 102 N-m?/C out of the side perpendicular to the — x-axis,
8.2 x 10> N-m?2/C out of the side perpendicular to the + x-axis.

The gravitational field is

-_F__GM;
“mT T 2
If we compare this to the electric field,
= 1 Q R
E= 43128(11’2 t

we see that E — ¢, Q ——M, and ¢, — 1/4nG. If we make these substitutions in Gauss’ law for the
electric field, we have
d=§f E-dA=gq/e, > P=§ 3-dA=—M/(1/4nG) = - 4nGM,
which is Gauss’ law for the gravitational field, where M is the enclosed mass.
To find the gravitational field within a sphere of uniform mass density, we must select a Gaussian
surface. From symmetry, we know that the field is radial, since all directions must be equivalent. If we
choose a spherical surface, the field will be constant and parallel to the area vector, so we have
£ 5 dA=gff dA=—4nGM,
g4m2 = — AnGp(¢rr3), which gives g = - 4xGpr, or g = |-GMr/R? toward the center, r < R).
At a point outside the sphere, we know from symmetry that the field is radial, since all directions must
be equivalent. Over a spherical surface, the field will be constant and parallel to the area vector, so
f{:ﬁ g dA= 8 ﬁ dA = —4nGM qoseds
g4t = — 4nGM, which gives g =|GM/7? toward the center, r > R).

enclosed”
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21. From symmetry, we know that, outside the charge, the electric L
field will be radially away from the axis of the cylinder, with J:_ - |_\
a magnitude independent of the direction. For a Gaussian surface / //vr
we choose a cylinder of length L and radius r, centered on the axis. /i V2N
On the ends of this surface, the electric field is not constant / ( [ /{ \
but E and dA are perpendicular, so we have E-dA=0. On the I l | k /
curved side, the field has a constant magnitude and E and dA are v\ \\ }\\_ )

parallel, so we have E-dA=E dA. For Gauss’ law, we have \ \\ /
)é}(é.dgzﬁ E.dA'+U E-dA—0+EA,. Qe ——
ends side

E2nrL = rnR’L/e,, which gives

Note that the result is independent of L, as it must be.

22. For a Gaussian surface, we choose a cylinder with radius R and
length 2L, with its axis perpendicular to the plate. Because the
charge density of the plate is uniform, we know that the electric
field must be perpendicular to the plate and may depend only on
the distance from the plate. By arranging the surface so that
the ends are equidistant from the plate, we know that the flux
through the ends must be the same, while the flux through the ———
side must be zero. When we apply Gauss’ law, we have

)é}(é-dazﬁ E-dA+U E-dA=2EA,,+0=0/¢y
ends side

2EnR* = onR?/&,, which gives

E=[o/2¢]

N
N
| |

/

-+
I
\

i

For the long rod we have

E,oa=(1/2me)A/r =2(9 x 10° N-m?2/C?)(6.5 x 10-8 C/m)/(10-2m) = 1.17 x 10* N/C.
For the point charge we have

Epoint charge = (1/4me)q /> = (9 x 10° N-m?2/C?)(6.5 x 1078 C)/(10-2 m) = 5.85 x 10° N/C.
The ratio is

|Erod/Epoint charge = 0.02 = 2%|

=

24. From symmetry, we know that the electric field will be radially

away from the axis of the cylinder, with a magnitude I— L —]
independent of the direction. For a Gaussian surface we choose a TTTN R
cylinder of length L and radius r, centered on the axis. OP the ~ / | \

ends of this surface, the electric fielgi is not constant but E and dA l ‘ /

are perpendicular, so we have E-dA = 0. On the curved side, the \ \ )

field has a constant magnitude and E and dA are parallel, so we s

have E-dA=E dA. For Gauss’ law, we have

)é}(ﬁ.dgz// E-dﬁ+/[ E-dA=0+EA,. =0y
ends side

E2nrL = pnrL/ €y, which gives
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25. We choose a Gaussian surface with a top surface just above the ground and a bottom surface below the
ground, each of area 40 acres, and the sides perpendicular to the ground. There is no flux through the

sides, because E-dA = 0. There is no flux through the bottom, because E = 0. When we apply Gauss’ law
to this surface, we get

freaa-[[ eai-[[ gaief[ £
top side bottom

=—EA,,+0+0=0Q/¢,, which gives
Q=-¢EA
=—(8.85x10"12C2/N-m?2)(110 N/C)(60 acres)(4 x 103m?2/acre) = |F2.3 x 10-4C|.

N

top

26. We assume that the smaller cylinder is positive. From the symmetry of the charge distribution, we
know that the electric field must be radial, away from the axis of the cylinders, with a magnitude
independent of the direction. For a Gaussian surface we choose a cylinder of length L and radius r,
centered on the axis. On the ends of this surface, the electric field is not constant but E and dA are
perpendicular, so we have E- dA 0. On the curved side, the field has a constant magnitude and E and
dA are parallel, so we have E-dA = EdA.

For the region inside the smaller cylinder, r <r;, we apply Gauss’ law:

)é}(é-dazﬁ E-dA+U E-dA=0+EA,.=0/ey
ends side

E2nrL =0, because g = 0 inside the Gaussian surface, which gives

For the region between the cylinders, r, <r <r,, we apply Gauss’ law:

ﬁﬁ-dﬁz// E-dA+U B-dA—0+EA,. =0y
ends side

E2nrL = AL/ €, , because only the smaller cylinder is inside the
Gaussian surface, which gives

E= |A/ 2ne,r radially out for r; <r < r2|.

For the region outside the larger cylinder, r, <, we apply Gauss’ law:

)E}(E.dgzﬁ E’-dA'+// B-dA—0+EA.. -0y
ends side

E2nrL = AL/ ¢, , because only the smaller cylinder is inside the
Gaussian surface, which gives

E-Porr, <1

27. From the symmetry of the charge distribution, we know that the electric field must be radial, away
from the center of the balloon, with a magnitude independent of the direction. For a Gaussian surface
we choose a sphere centered on the balloon with radius r = 50 cm. On this surface, the field has a

constant magnitude and E and dA are parallel, so we have E-dA=E dA. When we apply Gauss’ law,
we get
& E-dA= Edm? = Q/¢,, which gives
E =(1/4ne))(Q/1?)
=(9x10° N-m?2/C?)(5 x 10-7 C)/(0.50 m)?
=18x10*N/C
E =[(1.8x10*N/C) 7]
If the balloon shrinks, the enclosed charge does not change, so the electric field will be the same:
E =[1.8x10*N/Q) 7|
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Chapter 23: Gauss’Law

We assume that the wire is positive. From the symmetry of the charge distribution, we know that the
electric field must be radial, away from the axis, with a magnitude independent of the direction. For a
Gaussian surface we choose a cylinder of length L and radius r, centered on the axis. On the ends of this
surface, the electric field is not constant but E and dA are perpendicular, so we have E dA -0. On the
curved side, the field has a constant magnitude and E and dA are parallel, so we have E-dA=EdA.
For the region between the wire and the cylinder, r, <r<r,, we apply Gauss’ law:

)é}(é.dzzﬁ E-dﬁ+// B-dA=0+EA,.=Q/ey
ends side

E2nrL = AL/ €, because only the wire is inside the Gaussian surface,
which gives
E = A/2me,r
= (8.5x 10~ C/cm)(102 cm/m)/27(8.85 x 10-12C2 /N -m?2)r = [(1.6 x 104/7) N/C radially out|
If the radius of the Gaussian surface is reduced to the surface of the wire, A does not change, so we have

Eyire = (1.6 x 104) /(5.0 x 105 m) =[p.1 x 108 N/C]

If the radius of the Gaussian surface increases to the inner surface of the cylinder, A does not change, so

E ytinder = (1.6 x 104)/(3 x 102m) =5.1 x 10° N/}, much less than that in the wire.

. From the symmetry of the charge distribution, we know that the

electric field must be radial, away from the axis of the cylinder,

with a magnitude independent of the direction. For a Gaussian — L

surface we choose a cylinder of length L and radius r, centered on ———7 5

the axis. On the ends of this surface, the electric field is not —t—— _/_r 1717
constant but E and dA are perpendicular, so we have E-dA=0. ——r—=—- 7 o
On the curved side, the field has a constant magnitude and N~ ‘\‘\_ - _\:_7' -

E and dA are parallel, so we have E-dA = E dA. For the region
where r <r,, we apply Gauss’ law:

ﬁﬁ-dﬁsz E-dA'+/[ E-dA—0+EA,,-Qley
ends side

E27nrL = 0, because there is no charge inside the Gaussian surface,
which gives

E-Pforr=r]

For the region where r; <r <r,, we apply Gauss’ law:

ﬁg-dfi:” g-dA+U E-dA=0+EA, =0Qfey
ends side

E2nrL = p(nr? — nr?)L/ €, , which gives

E =|[p(72 —1)/ 2egr]F for n<r< rzl,

For the region where r, < r, we apply Gauss’ law:

#E.dgzﬁ E.dA+U E-dA—0+EA, =Ofey
ends side

E2nrL = p(nr3 — nr?)L/ €., which gives

E :l[P(7’22 —1%)/ 2epr]F for n< rl_

The electric field just outside a charged surface is
E=0/¢,, where ois the charge per unit area.

Because the charge density is uniform, for the total charge we have
q = 0A=g,E(2nRh + 2nR?) = ¢,E2aR (h + R)
= (8.85 x 10-12C2 /N -m2)(2.0 x 106 N /C)25(0.40 x 10-2 m)[(7.0 cm + 0.40 cm)(10-2 m/cm)]

=B3x10%q
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31. From the symmetry of the charge distribution, we know that the

32.

33.

electric field must be radial, with a magnitude independent of the
direction. For a Gaussian surface we choose a sphere of radius .

On this surface, the field has a constant magnitude and E and dA
are parallel, so we have E-dA=E dA. The charge density is ‘
pP= Q/[%T[(R23 _R13)]-
For the region where r <R, , we apply Gauss’ law:
{:j; E-dA-FEA-= Ql ey
E4nr? = 0, because there is no charge inside the Gaussian surface,
which gives
E=p forr<R}
For the region where R, <r <R, , we apply Gauss’ law:
& E-dA=FEA= Q/ &y
E4nr? = pin(r® - R,3)/ &,, which gives
E = pin(rP —R,3)/ (dmeyr?) = Q(r —R,3)/4ney(R,2 — R 3)r?;
E ={[Q0° - R")/ 4meo(R,” ~R))r’Jr for Ry <r <R,|.
For the region where R, <7, we apply Gauss’ law:
& E-dA=EA= Q/ &y
E4nr? =Q/g,, which gives
E = (Q/4mneg,r?);
E :l(Q/47r£0r2)1: for R, < rl,

(a) From Gauss’ law @ :ﬁ E-dA —EA=E (4nr’) = Q/ gy , so the electric field a distance r from the
center of the shell is
E =Q/4mne,r,
where Q is the net charge enclosed in the spherical region of radius r. If we choose r to be just
slightly greater than R, so that the Gaussian surface is inside the metal shell, then E = 0, and hence
Q =0.But Q is the sum of q and the charge g’ on the inner surface of the shell; i.e.,
Q=¢g+q =0.Thus q’=|-g| on the inner surface of the shell.
(b) Since the shell as a whole is charge-neutral, the charge on its outer surface must be .
(c) Forr <d <R the charge enclosed by the Gaussian surface is Q = g, so

E = q/4mne,r)| radially outward if ¢ > 0 and inward if g4 < 0.

(a) The electric field due to a single infinite plane of charge density o is 0/2¢,, as we learned from the

textbook. If we set up an x-axis pointing perpendicularly from the first sheet (with charge density
0;) to the second sheet (with charge density 0,), where the first sheet is located at x = 0 and the
second one at x = g, then by superposition

= |-(01/2ey+0,/2¢y)i (x<0)
= |(o1 /2eg -0y 2¢)i (0<x<a)|,

oMy ey

E =|(o1/2e0+0,/2¢y)i (x> a)|.
(b) Since the metal plate is uncharged, when placed in between the two charged plates the densities of
the induced charges on both of its surfaces must have the same magnitude and opposite signs. The

net electric field due to this pair of surfaces is zero outside the metal, so E remains the same as part
(a) above, except for the interior of the metal, where the field of the induced charge is not zero and
cancels with that of the two charged plates, resulting in a zero net field.
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34.

35.

36.

Chapter 23: Gauss’Law

The positive sheet produces an electric field directed away from the sheet with a magnitude
E,=0,/2¢=(5x10"°C/m?)/2(8.85 x 10-12C2/N-m?) = 2.8 x 10° N/C.

The negative sheet produces an electric field directed toward the sheet with a magnitude
E =0 /26 =(3x10-°C/m?)/2(8.85 x 10-12C2/N-m2) = 1.7 x 10° N/C.

Between the sheets, the two fields are in the same direction, so we have

=E,+E_ =28x10°N/C+1.7x10°N/C

=45 x 10° N/C toward the negative sheet.

Outside the sheets, the two fields are in opposite directions, so we have

Ebetween

E,ige =E.—E =28x105N/C-17x105N/C=[L1 x 105 N/C away from the sheets|.
The positive sheet produces an electric field directed away - n -
from the sheet with a magnitude E, N E,
E,=0,/2¢, - n
= (5x106C/m2)/2(8.85 x 10-12C2/N-m?) = 2.8 x 105 N/C. - N ~.
The negative sheet produces an electric field directed toward E M E
the sheet with a magnitude R ——— ———
E =0/2¢, . E E -
~ B -
=(B3x10°C/m?)/2(8.85x 10712C2/N-m?) = 1.7 x 10> N/C. 0
If we consider the 1st quadrant, because the fields are perpendicular, > N
we have E, | E,

E = (E+2 + E72)1/2
= [(2.8x 105 N/O)? + (1.7 x 105 N/CR]/2=B3 x 1°N/d, and
tan 6=E_/E, = (1.7 x 105 N/C)/(2.8 x 10° N/C) = 0.61, which gives 6 =519
From the diagram, we see that the fields in the other quadrants are mirror images of the field in the
1st quadrant:
Ist quadrant: E at— ; [Pnd quadrant: E at 180° + | ;
Brd quadrant: E at 180° — |; [4th quadrant: E at § .

Because the slab is infinite, we know from symmetry that the field
must be perpendicular to the slab, with a constant magnitude for a
constant distance from the slab. If r is positive, the field will be

away from the slab. For a Gaussian surface we choose a cylinder of
length 2L and area A, centered on the axis. On thg curvedﬂside of //
this surface, the electric field is not constant but E and dA are /4

perpen-dicular, so E-dA=0. On the ends, the field has a constant

magnitude and E and dA are parallel,so E-dA=E dA.
To find the field outside the slab, we use the fact that the field will be away from the slab. If we place
our Gaussian cylinder so that one end is at z = L and the other end is at z = — L, the fields at each end
will be directed out of the surface and have the same magnitude. When we apply Gauss’ law, we have

ﬁﬁ-dﬁ:// E-dA+U E-dﬁ+f[ £.dA
top bottom side

=EA+EA+0=Q/¢; which gives
E=|pt/2¢, away from the slab, where z > /2 or z <—t/2]. The field is uniform outside the slab.

Z

To find the field inside the slab, we use the same Gaussian surface, with the ends of the cylinder at + z,
z < t/2. The enclosed charge is only that part of the slab inside the cylinder. Apply Gauss’ law:

feaa-[[ gai-|[ Eaie|[ E-a
top bottom side

=EA+EA+0=Q/¢,; which gives
E :|(pz/ £9)k  where —t/2<z<t/2|_
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37. From the symmetry of the charge distribution, we know that

38.

the electric field must be radial, with a magnitude independent Q2
of the direction. For a Gaussian surface we choose a sphere of
radius r. On this surface, the field has a constant magnitude and

E and dA are parallel, so we have E-dA=E dA. The inner ‘
charge density is
P =Q;/(GnR,%) =3Q, /4nR
= 3(-2x 10 C)/4n(0.03 m)® = — 1.77 x 10-2C/m?.
The outer surface charge density is
0, =Q,/4nR,? = (5 x 106 C) /4m(0.08 m)? = 6.2 x 10-5C/m2.
For the region where r <R, , we apply Gauss’ law:
& E-dA=EA-= Q/ ¢, Ednr?=p,(3nrd)/e,, which gives
E=pyr/3gy =[(-1.77x1072C/m3)/3(8.85 x 10-12C2/N-m?)]r = (- 6.7 x 108 )r N/C with rin m;
E =[(-6.7x10° 7)N/C withrinm | where r <3 cm.
For the region where R, <r <R, , we apply Gauss’ law:
f:ﬁ E-dA—EA-= Q/&,; E4nr>=Q,/g,, which gives
E=(1/4mey))Q /1 = (9x10° N-m?/C?)(- 2x 1076 C) /12 = (- 1.8 x 10*)/r> N/C with rin m;
E= |[(—1-8X104/7’2) *IN/C withrinm I, where 3 ecm <7< 8 cm.
For the region where R, < r, we apply Gauss’ law:
§$ E-dA=EA=Q/¢,; E4m?=(Q, +Q,)/¢,, which gives
E=(Q, +Q,)/4meyr? = (9x10° N-m?/C?)[(-2x10°°C) + (5 x10-°C)]/r?) N/C
= (2.7x10%) /72 N/C withrinm;
E =|[(2-7><104/72)7:] N/C with rinm I, where 8 cm < 7.

The charge within the sphere with r =ais Q, =p,(3na’®) = 4nap,.
We find the charge within the spherical shell from r = a to r = R by choosing a spherical shell of radius
r and thickness dr, and integrating:

R R R
Q.= f oA dr = ] po(yh‘lé)élmz dr= ﬂj (r— R)r2 dr
a a - (a _R) a
4
_ Ampo 1(R4— u4) ~ R(Rs— a3) _ 700 @R’f_ 3 _R)
(E — R' Z g T 7—R :
The flux through each of the spherical surfaces depends only on the enclosed charge, so we have
q)r =a = Qenclosed/go = Ql /80 = '
(I)r =R~ Qenclosed/go = (Ql + Q2)/80
= (4map,/3¢,) + (mp,/3¢,)[ (4R a3 — 3a* — R*) / (a — R)]
= (np, /3¢,)[(4a* — 4a°R + 4Ra® - 3a* - R*)/(a - R)]
= (rpy /3¢, [(a* — R) [ (a— R)] = [pg/3e) (@2 R (@ + K.
P, _ 108 = Qendosed/ €0 = (Q1 + Q) / g =@, _ = |(mpy /3¢)) (a* + R¥)(a + R)}

From the symmetry of the charge distribution, we know that the electric field must be radial, with a
magnitude independent of the direction. On each of the spheres, the field has a constant magnitude

and E and dA are parallel, so we have
®=¢f E-dA=EA, or E=®/A.

E _,=®,_,/4na>=|qa/3¢, radiall

_r= _/4aR2=|(0,/12¢,R?)(a% + R?)(a + R) radiall.
_10r =P, _ 0r/4(10R)? = (0, / 1200&,R?) (a2 + R?)(a + R) radiall.

E
E
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Chapter 23: Gauss’Law

39. If we apply the solution for Problem 38 to the general point r, we have

Charge density ~ Flux Electric field
r<a:  p, (4mp,/3¢g,)r3 (py/3gy)r
a<r<R: p(r=R)/(@-R) (mp,/3¢,)(a*—4ar*-3r*)/(a—r1) (p,/12¢,)(a* —4ar® —3r*)/(a - r)r?
R<r: 0 (np,/3¢y)(a% + R?)(a + R) (py/12¢,)(a% + R?)(a + R) / r*
o D E

40. Each plate produces a downward uniform electric field, so the electric field between the plates is
E=(o.+0)/2¢y=[(6.5+4.8)x10-°C/m?]/2 (8.85 x 10-12C2/N-m?)

=64 x 105 N/C away from the positive plate].

@. In the region where r < R, we are inside both spherical shells, so we must have
r<R: E = @
In the region where R < r < 2R, we are outside the inner shell, so it looks like a point charge; we are
inside the outer shell, so it contributes no field:
R<r<2R: E =|(q/ 4neor®) 7
In the region where 2R < r, we are outside both shells, so each one looks like a point charge, or a net
charge of — g

2R<r: E =|-(q/ 4meor?) 7

42. The electric field between the plates is
E=o0/¢,, so the charge on each plate is

Q=0A=¢AE

=(8.85x10-12C?/N-m?)(0.1 m)*(3 x 10° N/C)=[27 x 10-7 C].

43. For a conducting spherical surface, the radial electric field just outside the surface is
E=o0/¢g,, so we have

O = €oEry = (885 x 10712C2/N-m2)(3 x 105 N/C) =7 x 10-5C/m?]

44. The flux through a Gaussian surface depends on the enclosed charge.
For the surface at a radius of 50 cm, we have
q)Z = (Qsphere + Qshell) / &p-
For the surface at a radius of 30 cm, we have
q)l = Qsphere/ &y
For the ratio we have
q)Z/ D = (Qsphere + Qshell)/ Qsphere =1+ Qshell/ Qsphere;

(1.6 x 1077 N-m?/C)/(0.8 x 1077 N-m?/C) = 1 + Qqpeir/ Qsphere , Which gives [Qsphere/ Qshel = 1}

45. For the ratio of charge densities, we have
o‘sphere/ GOshell = (Qsphere/ Qshell)(Rshell/ Rsphere)2 =(1)(35 cm/25 Cm)2 = -
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46.

S —
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47. From Gauss’ law, we know that the flux through a Gaussian surface depends on the enclosed charge:

48.

49.

® = Qenclosed/ £o-
For the region where a < r <b, we have ®, =Q/¢,, so the enclosed charge is Q. This must be the total

charge on the inner sphere. Because the sphere is conducting, the charge is located uniformly on the
surface, with the charge density

— 2
Oinner sphere — g

For the region within the shell, b < r <R, the electric flux is 0, so the net enclosed charge is 0. Because
there is a charge Q on the inner sphere, there must be a charge — Q on the inner surface of the shell.
Because the shell is conducting, the charge is located uniformly on the surface, with the charge density

ashell, inside — Q/ 47b?|.
For the region outside the shell, R <, we have ®, =2Q/¢,, so the net enclosed charge is 2Q. Because

there is a charge Q on the inner sphere, there must be a charge Q on the shell. Because there is a charge
- Q on the inner surface, there must be a charge + 2Q on the outer surface, located uniformly on the

surface, with the charge densit
Oshell, outside — + ZQ/ 4nR? = '
If we choose a Gaussian surface around the earth, we have
& E-dAz—EAzQ/so, so we have
Q =-g4mR?E
= [1/(9x10° N-m2/C2)](6.37 x 10° m)2(100 N/C) = |-4.5 x 105 C, on the surface].

The surface charge density is
0 =Q/A=¢E=(885x10"12C2/N-m2)(-100N/C) = 8.9 x 10-10C/m?|

(a) (b)

A

L
1 -
J .
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Chapter 23: Gauss’Law

50.

+ + + + F

o

51. We find the flux through a side from

=[] E-dA.
For the sides perpendicular to the x-axis, we have
®, _,=ff E-dA=[] (bx2i)- (- dAi)=-b(02a?=[ 4
o _ =[f Iz:d;\=” (bx2i ) - (+ dAi) = b(a)2a2 =[pad]. a
For the sides parallel to the x-axis, we have
®,_o=f[ E-dA=[] (bx?i)- (-dAj) =[] a .
@,_,=[J E-dA=[] 0:2D)- (+da]) =[] -
®,_o=J[ E-dA=[] (x2i)- (- dAk) =[] z

®,_,=[f E-dA=][ ox2i)- (+ dak)=[3
We use Gauss’ law to find the enclosed charge:
d)sz;f E-dA=q/¢y;

ba* =q/¢,, which gives g = .

52. From Example 23-7, we know that the electric field inside the sphere is
E =(Q/4ney)(r/R3) radial.
Because the charges have opposite signs, the force on the point charge is toward the center of the
sphere, with magnitude
F = qQr/4mne,R3,
and is a restoring force proportional to the displacement from the center, as in simple harmonic motion,
with an effective force constant of
k=qQ/4me,R3.
The resulting motion, with r =R at t =0, is
with @ = (k/m)'/2; the motion is simple harmonic.
The period of the motion is
7=21/ w = 2m(m k)2 =Pr(4me,mR3 /gQ)! /3.
The total energy is the initial potential energy:

E = U= 3kR® = }(qQ/4mz, R*)R? =[Q/ e, R|
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53. (a) Since no charge is present in the region enclosed by the cap and the flat surface, any electric field
lines passing through the flat surface will also pass through the cap. So the electric flux through
the flat surface is the same as that through the cap. Since the area of the cap is 0.067, or 6.7%, of
that of the sphere, the flux ® through the cap is also 6.7% of ®,, the flux through the entire
sphere:

® = 0.067 &, = [0.067(Q/ ¢,)
where we noted that ®,= Q/¢,, due to Gauss’ Law.

(b) Any point on the boundary of the flat surface is also on the Gaussian sphere, so it is a distance R
from the charge Q. The magnitude of the electric field there is therefore

= [Q/4me R

54. (a) The total charge Q on the sphere satisfies Gauss’ law:
d=Q/¢,; or
Q=®dg, = (17.1 N-m?/C?)(8.85 x 10-12C2 /N -m?)
(b) The electric flux through the upper hemisphere is greater than that through the lower
hemisphere, so the charge distribution is jron-unifor

(c) The sphere is made of finsulating materiall. Otherwise, since it is uniform the charge distribution
should also be uniform (as the charges are free to move on the surface of a conductor), and the fluxes
through the two hemispheres would be identical.

55. We find the flux through the surface from
o= E-dA.
Because E and dA are constant vectors, we have
®=E-A=EAcos 0
= E(L)(L/cos 0)( cos 8) = EL%(cos 0/ cos 0) = EL2.

We choose a Gaussian surface by using the sides of the tube and ends at two different angles. Because
there is no charge enclosed, the net flux through the surface is 0. There is no flux through the sides of
the tube, so the flux that enters one end must be the same as that which exits the other end, and thus
independent of angle.

56. (a) The point r = 0.50 m is outside the inner sphere, so it is equivalent to a point charge. The point
is inside the outer sphere, so it makes no contribution to the electric field. The total field is
Eu = (Qinner/ 431?80 ) +0= Oinner4 mner2/ 4Jt£01’ = = Oinner” 1nner2/ &7, ?
= (16 x 10-°C/m?)(0.25 m)?/(8.85 x 10-12C2 /N - m?)(0.50 m)?
{45 x10° N/C radiall
(b) The point r = 0.70 m is outside the inner sphere, so it is equivalent to a point charge. The point
is inside the outer sphere, so it makes no contribution to the electric field. The total field is
Eb = (Qinner/ 431?807’b )+ 0= Oinner4 inner / 4J1—‘80 = Oinner’inner / &7,
= (16 x 10-°C/m?2)(0.25 m)?/(8.85 x 10-12C2 /N - m?)(0.70 m)?
=3 x10° N/C radiall
(c) Because the outer shell does not contribute to the electric field inside, there will be .
(d) The point r = 1.0 m is outside both spheres, so each is equivalent to a point charge.
The total field is
Ed - (Ql + QZ)/ 4JT“C:O Ta _( Oinner rinnerz o 0uter4ﬂrouter2)/ 4n£07d2
[( Oinner’ inner ) + (Uouter outer )]/807/‘512
— [(16 x 10-6 C/m?2)(0.25 m)? + (8 x 10-6C/m2)(0.75 m)2]/[(8.85 x 10-12C2/N - m2)(1.5 m)?]
—[28x105 N/C radial|
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Chapter 23: Gauss’Law

57. Because there is no charge enclosed by the tetrahedron, the net flux through all sides is 0:

58.

60.

D =P + q)bottom'

net —  upper sides

Thus we find the flux through the three upper sides from
Dypper sides =~ Phottom =~ (EK) - A(=k) =+ EGL)(L sin 60°) = [0433EL?|

If we choose a sphere of radius r < R as a Gaussian surface, we have
¢ E-dA=E4r? = Q. qosed/ &+ OF = ¢,E4mr2.
We set up the integral to find the enclosed charge by using a spherical shell of radius r' and thickness
dr’ for the differential element. We also write the right-hand side as an integral:
] pdnr'*dr' = £0E4n2f rdr'.
0 0

Comparing the two integrands, we see that [p«1/r|
As r — 0 at the center, because the volume of a sphere approaches 0 faster than the area does.

enclosed

From the symmetry of the field we construct a Gaussian surface which

a
is a cylinder of length L and radius a with its axis along the axis of =
the field. Because the field is parallel to the ends of the cylinder, we il | E
have = 3
ﬁ E-dA=E2mal = Qenclosed/go . L

If there is a charge distribution p(r) within the cylinder, we have

Qenclosed = L 2nrLo(r) dr. Thus

g,E2mal = fg 2rxrLo(r) dr , or gEa= fo ro(r) dr. C>I

We can write the left-hand side as an integral to get

sOEfou dr= f ro(r) dr.

Comparing the two integrands, we see that
p(r) = :
Note that this function diverges when r — 0. The required field can be set up only beginning at some
distance ry from the axis. Within ry only the total charge has to correspond to the required field:
q/L = g,E2mry, which is finite.

(a) For a Gaussian surface within the cylinder just outside the e

spherical cavity, we have

ﬁ E-dA= Qenclosed / &- Q
Because the field must be 0 inside a conductor, the enclosed
charge must be zero. With a charge + 0.12 mC at the center,
there must be a charge of on the surface of the cavity.

(b) There can be no free static charge inside the conductor. If - 0.12 mC
of the total charge of — 0.55 mC on the cylinder resides on the inner

surface, the remaining |-0.43 mC| must be on the outside surface. - —— T ——
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61. We can express the linear electric field as E (x) = bxi. Atx=05 m, we have

(0 5 m) = (3000 N/C)z =b(0.5 m)z , which gives b = 6000 N/C-m.
We call the area of the surface oriented in the yz-plane A. We choose a Gaussian surface consisting of
the boundary of the region parallel to the x-axis and ends of area A at x = 0 and x = x. Because there is
no flux through the sides and the field is constant at each end, we have

¢ = ﬁ E-dA= Qenclosed/go;
E(x)i [ A+ E(O)iA A(-1 )— 1/£O)I pA dx, which gives
I pdx = g,(bx) = + beyx.
Comparing the two sides, we see that
p=+be, = [+ 6000, C/m3 (constant)|
Note that for the field to be 0 at x = 0, there must be external charges at x < 0.

62. From symmetry, we know that the field inside a uniformly
charged sphere must be radial and depends only on the distance
from the center. We choose a spherical surface with r <R for a

Gaussian surface. Because E and dA are parallel, we have

f:ﬁ E dA - Qenclosed/ o7
E(4nr?) = p(3nr®)/ €, , which gives E = pr/3¢, radial, or

—(p/3e))7 .

We create the cavity by adding to the original sphere, with

density p,

a sphere with density - p and radius b, centered at a. Within the

cavity, we are inside both spheres, so their fields are
E,.=(p/3¢)r and E_= (—p/3¢)7’,

where 7' is the radius vector for the cavity.

From the diagram, we have 7 = 4 + 7/, so the total field is

E=E, +E_=(p/3¢)7 +(~p/3e) 7' = (pF [3ep)~[p(F - @)/3¢,);

E =[(p/3e0) d]

Note that the field inside the cavity is uniform.

63. We assume that the positive test charge is at a stable equilibrium point. The electric field there from
the other charges is 0. A short distance from the stable equilibrium point, the electric field must be
directed toward the point. We choose a small Gaussian surface around the equilibrium point:

ﬁ E. dA = Qenclosed/ SO‘
Because the field is directed into the surface, we have

& E-dA <0, which means that there is a negative charge at the equilibrium point. This is a
contradiction, because the only charge there is the positive test charge. Thus the test charge cannot be
in stable equilibrium.
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